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487. 
ON THE QUARTIC SURFACES («{U, V, W)=0. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x1. (1871), 
pp. 15—25.] 


AMONG the surfaces of the form in question are included the reciprocals of several 
interesting surfaces of the orders 6, 8, 9, 10, and 12, viz. 


Order 6, parabolic ring. 
» 8, elliptic ring. 
» 9, centro-surface of a paraboloid. 
» 10, parallel surface of a paraboloid. 
envelope of planes through the points of an ellipsoid at right angles to 
the radius vectors from the centre. 


o0 


~ 


» » 


» 12, centro-surface of an ellipsoid. 
» parallel surface of an ellipsoid. 


» 


I propose to consider these surfaces, not at present in any detail, but merely for 
the purpose of presenting them in connexion with each other and with the present 
theory. It will be convenient to use homogeneous equations, but for the metrical 
interpretation the coordinate W or w may be considered as equal to unity: I have 
not thought it necessary so to adjust the constants that the equations shall be homo- 
geneous in regard to the constants; this can of course be done without difficulty, and 
in many cases it would be analytically advantageous to make the change. 


I take throughout (X, Y, Z, W) for the coordinates of a point on the quartic 
surface (so that (U, V, W) in the equation (+ý U, V, W)P=0 are to be considered as 
quadric functions of (X, Y, Z, W)), reserving (#, y, z, w) for the coordinates of a 
point on the reciprocal surface of the order 6, 8, 9,10, or 12. The reciprocation is 
performed in regard to the imaginary sphere +y +2 +w°=0: the relation between 
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the coordinates (X, Y, Z, W) and (a, y, z, w) is then Xs+ Yy + Zz+ Ww =0, and the 
equation (X, Y, Z, W)*=0 is the equation in point-coordinates of the quartic surface, 
or in line-coordinates of the reciprocal surface: and similarly the equation (a, y, z, w) = 0 
is the equation in point-coordinates of the reciprocal surface, or in line-coordinates of 
the quartic surface. 


Parabolic ring, or envelope of a sphere of constant radius having its centre on a 
parabola, 


Taking & for the radius of the sphere; and z=0, y?=4aaz for the equations of 
the parabola, then the coordinates of a point on the parabola are a6, 2a0, 0; where 
0 is a variable parameter. The equation of the sphere therefore is 


(a —aw) + (y — abw} + 2 — kw? =0, 
and the ring is the arida of this sphere. 
The reciprocal of the sphere is 
ke (X? + Y? + Z3) — (a@X + 2a0Y+ WP=0; 
writing this in the form 
a®X + 2a0Y + W+k/(X?+ Y?+2)=0, 
and taking the envelope in regard to 0, we have 
X {W+k/(X?+ Y?+ Z*)} —aY?=0, 
or, what is the same thing, 
(aY?— X WF- kX? (X? + Y?+ Z*)=0, 


for the equation of the quartic surface. This has the line X=0, Y=0 for a tacnodal 
line, but I am not in possession of a theory enabling me thence to infer that the 
parabolic ring is of the order 6. 


To show that it is so, I revert to the equation of the variable sphere 
(a —a@wy + (y — 2a0w)y + 2 — kw? = 0, 
or, what is the same thing, 


(A, B, CO, D, EXO, 1)'=0, 


where 
A= 3a’°w’, 
B= (0, 
C= a(2aw’— gw), 
D=-— 3ayu, 


E= 3(@+7+2—- ku’). 
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Then J = 3a°w*l’, J = a®w*J’, and the equation is J’*—J*=0, viz. this is 
{4a? + 3y — daxw + 4a%w? + 3 (2? — kew?) 
— {(2aw — x) [8a? + 9y + 4azw — 4a°w? + 9 (2? — k*w*)] — 2Tay w} = 0, 
or, as this may also be written, 
{4a? + 3y° — 4aaw + 4a*w* + 3 (2 — kw?) 
— {— 82° —9ay? + 12aa*w + 12aaew* — 8a?w* — 9 (x — 2aw) (2 — h?w*)} = 0. 
Developing, the whole divides by 27, and the equation of the ring finally is 
(y? — daaw)? {y° + (w — aw)} 
+ {3y + y? (2a — 2aæzw + 20a*w*) + 8ax*w + Saw? — 32a°aw* + 16atw'} (2 — kw?) 
+ (BY + a + 8aaw — Sw) (2 — kw? 
+ (2 — kw = 0. 


Elliptic ring, or envelope of a sphere of constant radius having its centre on an 
ellipse. 


2 
Taking k for the radius of the sphere, and z=0, cae | for the equations of 
a | 


the ellipse, the coordinates of a point on the ellipse are acos@, bsin@; hence the 
equation of the variable sphere is 


(a — aw cos OF + (y — bw sin 0 + 2 — ku? = 0. 
The reciprocal of this is i 
k? (X? + Y? + Z?) — (aX cos 0 +bY sind + W} =0, 
viz. writing this under the form 
aX cos 0 +0bY sin 0 + W+ki/(X?+ Y? +2°)=0, 
and taking the envelope in regard to 0, the equation of the reciprocal surface is 
OX? + PY’= {W +kNny(X+ Y? + ZP, 
viz. this is 
(œ — k?) X? + (b — ke) Y? — kZe — We =2kW V(X? + Y? +29, 
ki {(a? — k?) X? + (b — k*) Y? — kZe — W} — 4h W? (Xe + Ye + Ze) =0, 
that is 
{(a? — k) X? + (B= ke) Y? — kZe} — 2 W° (+) X? + (b + ke) Ye + keZ} + W=, 
which is a quartic surface having the nodal conic W =0, (a? — k?) X? + (b — k?) Y° — kZe = 0. 


This singularity alone would only reduce the order of the reciprocal surface to 12; 
the reciprocal surface or elliptic ring is in fact (as I proceed to show) of the order 8. 
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For this purpose reverting to the equation 
(x — aw cos 0) + (y — bw sin 6) + 2 — kw? =0, 


this may. be written 


A cos 20 + B sin 20 +C cos0+ D sin6+ E=0, 
where 
A=. (æ — b?) u, 


B= 0, 
C =— 4azw, 
D = — 4byw, 


E= (@ +b) w +2 (e +y +e kut), 
and the equation is 
{12 (A? + B>) — 3 (C? + D?) + 4273 
— {27 A (0? — D?) + 54BCD — [72 (A? + B?) + 9 (C? + D)] E +85} = 0, 
or say 


(124? — 3 (02+ D*) + 4E}: — {27A (0? — D?) — [72424 9 (0? + D®)] E + 8B}? =0. 


This is of the order 12, but it is easy to see that the terms in Æ‘ and Æ“ (C°? + D?) 
disappear from the equation, all the other terms divide by wt; and the. equation is 
thus of the order 8. 


The equation may be obtained somewhat differently as follows. The equation of 


the variable sphere is 
(x—awF + (y — Bw} + 2— kw? =0, 


f 


where (a, 8) vary subject to the condition Z+ p= 1. We have therefore 


aw 
zr—aw —-rX —=)0, 
a? 


y — Bw — Pe = 0, 
and thence 
aw = tha D £ — aw = ics 
tt gt gi we Ene eae yf 
by hy 
Pa SS UR ITOT 
Consequently 
g? y? 22 — kw? 
f io 
(EAP (+a. 
aa? by? = F 


(FA (A 
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from which A is to be eliminated. The second equation may be replaced by 
a ale MN e 
E y i XN 

which has the first for its derived equation in regard to à. Hence, writing this last 

equation in the form 

w (a? +r) HAA — (+A) Ae — (a? +2) AY? — a +A) HN) (2 įk) = 0, 
we have to equate to zero the discriminant of this cubic function of à. Calling the 
equation 


w? = 0, 


(A, BO DEA TY =O; 
we have 
Ac” Su’, 


B= (@+0)w-#-y—-(2- kuw’), 
C= abu- ba? — ay? — (a? + b) (2 — kw"), 
D = — 3a°b? (2 — kw’). 
The required equation then is 
A?D? + 440? + 4B°D — 3B°C? — 6A BCD = 0. 
The developed equation (Salmon’s Conic Sections, Ed. v., p. 325) is 
(Dat + aby? — btu) (0 — cw)? +y) (C tew + y) 
2b? (a? — 2b?) aë — 2 (at — ab? + 3b) aty? — 2 (8a4 — ab? + b*) ayt + 2a? (b? — 2a?) y? 
— b? (Gat — 10a*b? + 6b‘) atw? + (4a® — Gab? — Gab + 40°) a*y*w* 
— a? (Gat — 100°)? + 6b*) yw? 
+ 2c? (3a! — ab? + bt) x wt — 2c? (at — 30b? + 3b‘) y*wt —2a*b’ct (a? + b°) w® 
(at — Gab? + 6b*) at + (Gat — 10a*b? + 6b*) wy? + (Gat — Gab? + b!) y* 
i R 2c? (at — ab + 3D*) aw? + 2c? (Bat — ab? + bt) yw? + c (at + 40°b? + bt) a tila 
(a? — 2b”) a? + (2a? — b?) y? 
i; j +e (æ +b) w? | 
c (2 — kw¥ = 0. 


I remark that the before-mentioned nodal conic W = 0, (a? — k?) X? + (b? —k*) Y? — k Z2=0 
is the reciprocal of a quadric cone, which is a bitangent cone of the ring: this is a 
cone, vertex at the centre of the ring, and which is the envelope ofthe right cone, 
vertex the same point, circumscribed about the variable sphere which generates the 
ring. 


( ge kw?) 


2c? (2? — kw? 


Centro-surface of a paraboloid. 


For the paraboloid = af SME W=0, it may be shown that the centro-surface is 
the envelope of the quadric 
ax by? IAN 
CET ET 20u = 
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The quartic surface is consequently the envelope of the quadric 
ie sO EY ter Y? + 2072 — 2ZW =0, 
viz. this is 


(= +) +20(x + Y? 4+ 2%) +aX?+bY?—-2ZW =0. 


Hence the quartic surface is 


(= +) (aX? + bY?—2ZW)— (X24 Y?+ Z} =0, 


a 
or, what is the same ‘thing, 
X?Y?(a— bP —2ZW (bX? + aY’) — 2abZ? (X? + Y*)—abZ4 = 
This has four conic nodes; viz. considering the equations 


aaa 0, aX?+bY?-2ZW=0, X24 Y24Z%= 


these give the point X =0, Y=0, Z=0 four times, and four other points which are 
the nodes in question; the point (X =0, Y=0, Z=0) is a singular point of a higher 
order; the reduction caused by these singularities should be =8+19, so as to make 
the order of the surface of centres =9; that is the reduction on account of the point 
(X =0, Y=0, Z=0) must be = 19; but it is not by any means obvious how this is so. 


Parallel surface of the paraboloid. 


This is given, Salmon’s Solid Geometry, 2nd Edit., pp. 146 and 148, [Ed. 4, p. 180], 
for the paraboloid aX?+6Y*+2rZW =0, as the envelope of the quadric surface 


CG os Oby? 
a + iF 0b+1 


+20rzw — (PPer +h)w =0. 


The reciprocal quartic is thus the envelope of 


ch Ab -+ 1 ia ade 2 
that is 
2 2 72 t A y 1k 2 
(i+ V4 245 tat ZW) + +z 3 F=0, 


whence the equation is 
4E 72 (X 4 r+ 2)-(+ 7+ ZW) = 
T? a 0 


; Siy ! AY ey" 
viz. this is a quartic having the nodal line-pair Z=0, ce and a further 


singularity at the point X =0, Y=0, Z=0. It would require some consideration to 
show that the order of the parallel surface is thence =10, as it should be. 
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Envelope of the planes through the points of an ellipsoid at right angles to the 
radius vectors from the centre. 


This is given in my paper “Sur la surface &c.” in the Annali di Matematica, 
t. 11. (1859), [250], as the envelope of the quadric surface 


sd + y -+ ai — Ow? =Q. 
eale Pena Pans 
a? b2 E 


The reciprocal quartic surface is thus the envelope of 
(2-4) x+ (2- 4 v4 (2-4) 2-7, W=0 
a b? 


or, what is the same thing, 


ne pta)- a(X'4 V+ 2) 45 W= 


viz. this is 


We Eti a —(X?4+ Y? + 2) =0, 


which is in fact the inverse surface 


X A Z 
(az YZ X24 V?4Z?? X?4+V24+7? ida: z) 
N at Se a eat ; f ; : 
of the ellipsoid ack ae a 1; this is obvious geometrically inasmuch as the reci- 


procal of the variable plane is the inverse of the point on the ellipsoid. 


The quartic surface has the nodal conic 
W=0, X:+ Y?+27=0; 


and also the node X=0, Y=0, Z=0; there is consequently in the order of the 
reciprocal surface a reduction 24 + 2=26, or the order of the reciprocal surface is =10. 


Centro-surface of the ellipsoid. 


Writing the equation of the ellipsoid in the form — zeit- 0, the centro- 


surface is given as the envelope of the quadric surface 
aa by? ez? 


G+ ay” @+ by” rey 


(Salmon, [Ed. 2], p. 400, [Ed. 4, p. 179]), and hence the reciprocal quartic surface is the 
envelope of 


— w= 0, 


(a+ 2) xe4(b + ay Y+ (c+ aE W:=0, 
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in regard to the variable parameter 0, viz. the equation is 


72 

(= ie pt TN (WX 4? + eZ- W?) —(X?4+ Y?+ 2Y =0, 
(see Salmon, [Ed. 2], p. 144 [Ed. 4, p. 172]). It hence at once appears, that the quartic 
surface has 12 nodes, viz. these are the four angles of the fundamental tetrahedron 
(XYZW), and the eight points 

Xa ye Z: 

E Ae r 

ey) Ry ot 

X?+ Y?+ Z?=0, 

Xe + bYe + eZ- W?=0, 


or writing as it is convenient to do 


(a, B, y) T (ù? ae C c= a, “= b); 
and therefore 
a+B+y=0, @a+bB+ey=0, aʻa + bB + cy = -aby ; 
these are the eight points 
B lt ih da EA SO 
Wesi Bena ya’ W? = a8’ 
the order of the reciprocal of the quartic surface is thus 36—2.12, =12, which is in 


fact the order of the surface of centres. 


The equation of the centro-surface is given, Salmon, [Ed. 2], p. 151, and Quart. 
Math. Jour., t. 11. (1858), p. 220, in the form 


(a, B, y} (E n, & œ)? =0, 


where &, n, & œ stand for az, by, cz, iw; it is therefore of the degree 18 in regard to 
a, b, <C: 


Parallel surface of the ellipsoid. 


This is given, Salmon, [Ed. 2], p. 148 [Ed. 4, p. 176], as the envelope of the quadric 
surface 


2 


"EN pE TT ET. (1+3 URS 


The reciprocal quartic is thus the envelope of 


a 


(a? + 0) X? + (+0) Y2?+(24+0)2- TAN 


=U, 
or writing k°+@=, this is 
(a? — k+) X++- VY24+(C-—P +A) 2 - (1 — ) WaS 


Cc. VIII. f 2 
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or, what is the same thing, 
~ (Xe + F? + Z*) +A [(@ — k) X? + (b — k) Y+ (e-k) 2 - W4+2W?=0, 
whence the equation is 
(œ — k?) X? + (b — k) Ye + (e — k?) Z2- W} — 4° W? (X24 Ye +Ze)=0, 
viz. this is a quartic having the nodal conic 
W=0, (æœ@-— k) X? +(e- ke) Y+ (e -— k) Z= 0. 


The order of the reciprocal or parallel surface is thus 36 —24, =12, as it should be. 
The nodal conic of the quartic surface is the reciprocal of a bitangent or node-couple 
quadric cone, vertex the centre, in the parallel surface: this cone is imaginary for the 
ellipsoid, but real for either of the hyperboloids, and its existence in the case of the 
hyperboloid is readily perceived. 


Reverting to the equation 
Ot Le ae ha ke 
@+0'R+0' G+0 (1+ Jv $ 
or say 
(a -+ 0) (b? + 0) (e + 0) (k + 0) w? 
— «(b+ 0)(2+ 0) 0 -y (2+ 0) (+00 e ae 0)(P+0)0=0, 


(A, B, ©, D, EXO, 1}=0, 


this is 


where putting for shortness 
a=@4+Rh+C+R, z 
B =0c'+ca?+ ab? +i? (a? HH e), 
y =@b'?+k? (bc? + ea + adb), 


6 =avcr, 
and 

P Sr hy Ee 

q =P+eet(C+a)yt+(@+bye 

r = Bex + Cary? + a*b*2’, 
we have 

A= 12w?, 

B = 3aw" — 3p, 

C = 2Bw? — 2q, 

D =3yw* — 3r, 

E = 128v. 


The equation of the parallel surface is of course 


(AE — 4BD +30?) — 27 (ACE— AD? — BE + 2BCD — CY = 0. 
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It is remarked (Salmon, [Ed. 2], p. 148 [Ed. 4, p. 176]) that there is in the plane 
z=0, a nodal conic 4h - (+t |u? = 0, the complete section being made up 


of this conic twice, and of the curve of the eighth order which is the parallel curve 
of the ellipse Dri —w*=0; the like is of course the case as to the sections by 
the other two principal planes x=0 and y=0. For the section by the plane w=0 
(or plane infinity) we have at once pr? (4pr—q*?)=0, where observe that 
g — 4pr = (B + 0?) a + (e+ a) y + (a? + 0?) 2} A (a? + y? + 2°) (ea + Cay? + abe), 

=(1, 1, 1, —1, — 1, -1% (2 — e) æ, (¢ — a?) y?, (a? — b?) 2} 

= norm. {x /(b? — c?) + y/(e — a) +2 /(a? — b). 
The section is thus made up of two conics, each twice, “i ie jay right lines: viz. 
the conics are æ? +y? +2 =0, the circle at infinity and — RT Ea ro 0, the section at 
infinity of the ellipsoid; and the lines are 

æn ( — e) + yy (e—a) +t z yla- 0) =0, 


viz. these are the common tangents of the two conics. The circle at infinity is a nodal 
conic on the surface, which has thus 4 nodal conics. 


